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Abstract

The potential advantages of triangular micro-channels incorporated into heat generating small devices
are discussed. A simple one dimensional model of boiling two-phase flow and heat transfer in a single
triangular micro-channel is investigated. The flow of the liquid phase inside the micro-channels is driven
by surface tension and friction forces that exist at the interface between the fast moving vapor and
liquid. The flow of the vapor phase is controlled by the heat flux generated and removed from the
device. As the liquid flows through the channel it evaporates, its cross-section diminishes and the radius
of curvature at the liquid vapor interface decreases. Thus, according to Young—Laplace equation, the
liquid—vapor pressure difference increases along the channel. Consequently, a large decrease in the liquid
pressure along the channel is obtained if the vapor pressure remains almost uniform. That pressure drop
in the liquid phase is responsible for the onset of liquid flow. Along the micro-channel the increasing
amount of generated vapor causes vapor velocity to increase and friction forces exerted on the liquid
phase become significant until dry-out occurs. Since in the dry-out zone the heat transfer is drastically
diminished, dry-out length estimates are of major concern in micro-channel design. A solution of a first
order non-linear differentiated equation is required to predict dry-out lengths and their dependence on
the dimensionless parameters governing the flow. A numerical simulation was carried out for the case of
water flowing in a vertical channel of equilateral triangular cross-section. Hydraulic diameters from 0.1
to 1 mm, heat fluxes from 10 to 600 W/cm? and contact angles of 5° to 40° were assumed. The results
validate the basic assumption that vapor pressure along the micro-channel is almost uniform. In many
practical applications the differential equation can be simplified and solved analytically and the dry-out
length are determined via a solution of an algebraic equation. Finally, it was demonstrated that the dry-
out lengths seem to fit the dimensions of microelectronic devices. © 2000 Elsevier Science Ltd. All rights
reserved.
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1. Introduction

The reduction in size of electronic devices and the reduction in transistor rise time poses
a formidable challenge to the packaging community. To facilitate effective, near term
utilization of the future chips, the design and performance of first and second level
packaging will need to improve dramatically relative to the current state-of-the- art. Chip
heat fluxes exceeding 100 W/cm? are expected by the year 2000 (Jacobs and Hartnett, 1991).
Because of the high localized heat fluxes, the temperature uniformity of the chip surface is
also an important consideration in determining the type of the heat rejection system to be
used. For this reason, micro-channels, in which liquid flows and evaporates, may be a
promising alternative cooling scheme. Recent development in the semiconductor technology
have made extraordinary advances in device construction and miniaturization. Those
developments allow the manufacturing of micro heat exchangers ranging from 10 to
1000 pm.

In the earliest research on micro-scale flow and heat transfer, Tuckermann and Pease (1981,
1982) studied the single phase fluid flow and heat transfer characteristics in micro-channels,
and demonstrated that electronic chips can effectively be cooled by means of forced convection
flow of water through micro channels. Their result confirm the possibility of using forced
convection flow in micro-channels for electronic chips and devices.

Wu and Little (1983, 1984) measured the flow friction and heat transfer of gases flowing
through micro-channels and observed that the convective heat transfer characteristics depart
from typical thermofluid experimental results, obtained previously for conventional size
channels. Several other investigation (Pfahler et al., 1990, 1991; Peng et al., 1994; Cho et al.,
1991) have found similar anomalous behavior. An extensive review of the available single
phase micro-channel cooling data has been done by Bailley et al. (1995). Although single phase
micro-channel flow can effectively cool miniature devices, it presents some inherent
disadvantages such as large pressure drops and stream-wise increase in the heat sink
temperature. On the other hand, boiling two phase flow can achieve very high heat fluxes for
constant flow rates, while maintaining a relatively constant temperature.

Bowers and Mudawar (1994a) performed an experimental study of flow boiling with R-113
in circular mini-channels (D = 2.54 mm) and micro-channels (D = 510 pm) heat sinks and
demonstrated that high values of heat fluxes can be achieved. Bowers and Mudawar (1994b)
also modeled the pressure drop, in micro-channels and mini-channels, using Collier (1981) and
Wallis (1969) homogeneous equilibrium model, who assumed that the liquid and vapor phases
possess uniform properties and form a homogeneous mixture with equal and uniform velocity.

Landram (1994) developed an analytical model for two-phase boiling heat transfer in a
rectangular micro-channel having high aspect ratio. Initially, the flow regimes in the channel
were mapped, than the heat transfer and wall temperature were evaluated, based on a heat
transfer coefficient quoted in the literature.

A different analytical approach to the pressure drop in boiling two-phase flow in extremely
narrow channels (35-110 pm between plates) was suggested by Moriyama et al. (1992). The
model assumes an equal and constant liquid film thickness on the upper and lower wall. The
momentum equation for the liquid and vapor phases was introduced in order to evaluate the
pressure drop along the gap for slug flow and the film flow regimes. Peng et al. (1998) argued
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that boiling nucleation in micro channels is much more difficult to achieve than in conventional
size channels.

Cotter (1984) was the first to point out the advantages of using a non-circular micro-channel
as a micro heat pipe. The micro-heat pipe makes use of the sharp-angled corner region of the
channel as liquid arteries. As the liquid progresses along the channel, it contains less liquid,
and has a smaller radius of curvature at the liquid—vapor interface, and hence has a depressed
liquid pressure. The pressure difference is responsible for both the liquid and vapor flows.
Following Cotter, Peterson et al. (1993) investigated experimentally the thermal behavior of
arrays of micro heat pipes, fabricated in a silicon wafer, and indicated that incorporating an
array of micro heat pipes as an integral part of semiconductors devices could significantly
improve the thermal performance. Finally, Longtin et al. (1994) developed a one dimensional
model of the evaporation and adiabatic section to yield pressure, velocity, and film thickness
along the length of a micro heat pipe having an equilateral triangle cross section.

Although past research have focused on the mechanism governing heat transfer and fluid
flow in micro-channels, none has investigated the advantage inherit by non circular geometry,
that is used in micro heat pipes. In the present investigation, a one dimensional model of
boiling two phase fluid flow and heat transfer in a triangular micro channel has been
developed, and solved numerically. The results demonstrated that a self-sustained flow could be
achieved in micro-channels possessing triangular cross-section and that the evaporation region
along the micro-channel can be sufficiently long, sustaining a low and constant temperature
along a high heat generating devices such as found in microelectronics.

2. Micro-channel flow model

A model is developed to predict the boiling two-phase flow in a triangular micro-channel.
The model is one dimensional and considers only axial variation along the channel. The
conservation of mass, energy and the Young—Laplace equation (for the interface between the
vapor and the liquid domains), are introduced into the momentum equation to form a first
order differential equation for the liquid domain, and an algebraic equation for the vapor
domain. Boundary conditions are then applied to achieve closure of the equations. The
resulting differential equation are solved numerically to yield the liquid radius of curvature, the
effective dry-out length, velocity, pressure, and film thickness as a function of the hydraulic
diameter of the channel, and the thermophysical properties of the working fluid.

The channel cross-section is an equilateral triangle (see Fig. 1). When heat is added to the
flow, the radius of curvature of the liquid—vapor meniscus decreases gradually along the
channel, thus decreasing the liquid pressure and generating a capillary driving pressure. As a
first approximation, that is posteriorily validated, the vapor pressure can be considered
constant along the channel, since in many practical cases the vapor pressure drop is very small
compared with that of the liquid pressure drop.

For the present model, the following assumption have been made: the flow is laminar,
incompressible, steady with constant properties and contact angle, the heat flux along the
channel is uniform and the vapor velocity at any x location is much higher than the liquid
velocity. The radius of curvature parallel to the channel axis is much larger than that normal
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Fig. 1. The micro-channel heat exchanger consists of micro-channels of triangular cross-section filled with the liquid
and vapor phases.

to the channel and may change along the channel. Thus, the mean radius of curvature is
approximately equal to the radius of curvature normal to the channel axis. The evaporation
occurs, mostly, when the liquid occupies the corners of the triangle, while the vapor has a
common interface with the solid wall (L/l. = 1 in Fig. 1), and evaporation is the sole effect,
caused by heating. This requires that vapor temperature variations, during evaporation, is
small.

Secondary flows that normally exist in triangular channels are averaged out in our simple
one-dimensional model. Since these flows are small in magnitude, the pressure difference within
the liquid cross-section is small and consequently a uniform pressure within the liquid cross-
section can be assumed.

3. Vapor domain

The vapor cross-section can be assumed to be approximately constant (see Fig. 2). Energy
input into the control volume results in vaporization of the liquid at the interface. Since the
vapor temperature is assumed constant, and the heat flux is uniform, the vapor input along the
channel is constant. Thus the energy equation becomes:

Qbx = g (1)

where Q is the heat flux, b is the distance between adjacent channels (see Fig. 1), mig is the
vapor mass flow rate, and A is the latent heat of vaporization. Henceforth, we shall use the
suffix G or/and L to denote vapor or/and liquid variables.
The momentum equation for the vapor is:
dp

d(psvE A
d(pgveAc) = —Ag—— — (SowTaw + ScLToL) 2o
dx dx
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Fig. 2. The control volume.

where Sgr. and Sgw denote the respective vapor—iquid and the respective vapor—wall interface
length measured at a specific cross-section. 7. and tgw stand for the shear stresses at the
vapor-liquid and the vapor—wall interfaces, respectively.

Since the vapor velocity is much larger than that of the liquid tg. 1w and Eq. (2a) can be
simplified as follows:

d(pgvi 4 d
d{pg5c) = — A8 _ 56t (2b)
dx dx

where Sg, Ag, PG, pg. Vg and tg are the perimeter, cross-section area, pressure, density,
velocity, and shear stress at the vapor boundaries, respectively.
The hydraulic diameter of the vapor phase is:

Dy = —— 3)

and the vapor velocity vg is obtained from the mass conservation equation:
mg

Vg = .
pcAc

4)

Since the Reynolds number is very small, the flow is laminar and the shear stress at the
perimeter can be expressed by:

Vg
o =FeEe )

where g is the vapor friction factor. Introducing Egs. (3)—(5) into the momentum equation
(2b) yields:
2ing drig g dAg  dpg  2ngug
poAE dx  pgdl dx  dx  Digpgdc

(ERe)g (6a)

Posteriorily it is shown that the variation of Ag along x is quite small and the contribution of
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the second term on the LHS of Eq. (6a) is small compared with that of the first term. Thus,
Eq. (6a) can further be simplified as follows:

2mg dn d 2n
i Y __dps | ichG (g (6b)
pgAg dx dx  Djspgdc

where the Reynolds number is:

D
Reg = L6h6PG. (7)
Hg
Using Eq. (1), the momentum equation becomes:
d 2b 20°%h?
% __ #@Re)G—i— Q2 5 |~ 8)

For laminar flows the term ({Re); depends on the cross-section geometry but not on x. Since
(¢Re)g varies from nearly 13.3 for triangular cross-section (Bejan, 1984) to approximately 16
for circular cross-section, the value of 14.7 is used in our case for the cross-section of the vapor
domain. Integrating Eq. (8) the pressure is expressed by:

[ 14.760Qus ~ O*b>
PG = —

2
\DYpcAc pGAé/lz:|x Pao ©)
where pgo is the vapor pressure at x = 0.

For example, for water at 100°C, a channel hydraulic diameter of 200 pm, » = 2Dyg, and
heat flux of 10 W/cm?, the pressure drop along a channel 1 cm long is Ap = 6.1 Pa. This is
much smaller than the pressure drop expected in the liquid domain (about one bar). In many
practical cases (as shall later be shown in chapter 7) the vapor pressure drop is much smaller
than the liquid pressure drop. Consequently, the pressure in the vapor phase can be assumed
to remain constant. Thus, the liquid pressure drop can be determined by applying the Laplace—
Young equation at the liquid—vapor meniscus.

4. Liquid domain

Conservation of mass and momentum of the liquid phase that occupies a control volume
bounded by two finite cross-sectional areas across the micro-channel, dx apart (see Fig. 3a)
yields:

J P1.8x dV+J (T-dS),= J pLvy(v-7) ds (10)
v s S

where p; is the liquid density, g, is the gravity in x direction, 7 is the stress tensor and S
stands for the surface area bounding the control volume. We shall, henceforth, address each
term in Eq. (10) separately. The contribution of the surface forces [((7- dS) can be written in
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the following form:
JT- dS=I-D+F (11)
s

where [ stands for the contribution of the pressure at the liquid interfaces, D is the
contribution of the wall-liquid friction force, and F reflects the contribution of the liquid—
vapor friction force.

The pressure contribution along x is (using the relation dAg = —dAL):

I = —pLAil gy — prddg + pLALl, = —Ardpr. (12)

The Young—Laplace equation is:

1 1 o
pG_pL:G(E+E)gE (13)

where R is the radius of curvature normal to the x direction. Here, the radius of curvature
parallel to the x direction (R») is much larger than R, and therefore 1/R, was neglected. Thus,
Eq. (12) possesses the following form:

g

I— —ALd<pG _ E) (14)

and since the surface tension is assumed constant and pg X constant :

The wall-liquid friction force (Fig. 3b) is:
D= TLWSLW dx (16)

PrdAg Pr ALl x+dx

liquid g —— TLwSLw
cv. B_____
™~ vapor
~ /
™ liquid liquid vapor P AL I«
interface
(@ ()

Fig. 3. Forces exerted on the liquid control volume.
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where Spw is the liquid—wall interface length. The shear stress can be expressed in the
following form:

1
TLw = EPL"%@L (17)

where £; is the liquid friction factor:

_k
- ReL

(18)

and Rep is the liquid Reynolds number based on liquid—wall hydraulic diameter, and £ = 13.3
for triangular duct geometry, as previously noted.

Substituting Egs. (17) and (18) into (16) and utilizing equations similar to Egs. (3) and (4)
for the liquid phase, the wall-liquid friction force is:

D =2k L gy (19)
Pr Dip

The vapor-liquid friction force (Fig. 3b) is:
t6Ld4GL = T6LSaL dx. (20)
As discussed previously tgr, can be expressed as:

1
TGL = fGEPGVé- (21)

Inserting Eq. (21) into Eq. (20) and using Eqgs. (1), (4) and (7) yields:

bx
F=1cLdAgL = (fRe)GMQoﬁg—;SGL dx. (22)
PG

The momentum of the fluid along x in Eq. (10) is (Fig. 4):

my Vi | x+dx

(-dmg ) Ve

my Vi [x

Fig. 4. Momentum flux through the liquid control volume.
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dM = J pLVL(‘jL . I7l) dS = deVL = d(fi’lLVL) — demL. (23)
S

However, from the energy equation:

0b

S
A

H"lL ==L — n'aG = (L - X) (24)

A

where L is the dry-out length which is yet unknown.
Introducing Eq. (4) for the liquid domain and Eq. (24) into (23) yields:

272 2 272
_de[(L—x) }JrQb(L—x)

dM =
}»2PL A /lszAL

dx. (25)
The gravity force component along x is:
} prgx dV = p gAisin y dx (26)
V

where  is the inclination angle of the gravity acceleration vector (see Fig. 2).
Form geometrical consideration, the following relations can be found:

AL = C\ R (27)

Dy = CoR (28)

SaL = C3R (29)
where:

C = 3[0082(ﬁ +0) — % + b ; 0 + Cos(ﬁ; 0)] (30)

= oo (1)

G=3—(B+0) (32)

where 0 is the contact angle and f is half included angle ( f = =/6 for an equilateral triangle).

The contact angle dependence on the parameters of the problem such as materiel
composition of the liquid and the wall, temperature, etc. Since the vapor pressure was shown
to remain almost constant, the evaporation temperature is uniform over the whole solution
domain, and consequently the contact angle can be assumed to remain constant along x, for a
given set of working parameters.

Introducing Egs. (15), (19) and (22) into Eq. (11), introducing Egs. (11), (25) and (26) into
(10), and using relation (30)—(32) the momentum equation possesses the following form:
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dR =~ 20%h* (L—x)’dR R
o ldx + lszCI R3 dx pL8&C 1 sm lp

(33)
2kQbyy (L — x b C 2p?
QMZL( 5 )—(éRe)GQ Fo_ =3 R+ ZQ (L — x).
)vchz R 2)'pG AgDyg A pLCi R2
A non-dimensional form of Eq. (33) is:
dR| . (L-%) . _- (L—%)
—_|:27r1%3x —-1|= n2R2 — mXR + (1) + 14) _zx (34)
dx R R
where:

— R X — L

Djg Dyg Dy (

Q2 b2 ) .

=375 — (non-dimensional momentum flux)

A pLCLaDhG

Dig si
T = w (non-dimensional body forces)
a
bugDngC
= (éRe)GM (non-dimensional vapor—liquid friction forces)
24pgq0AcC|
2kQb

Ty = #Lz (non-dimensional wall-liquid friction forces) (35b)

O’)VpLDthH C2

It should be noted that the capillary force is introduced by the multiplier —1 of dR/dx.

5. Boundary condition

Eq. (34) is a first order, nonlinear differential equation. If L is known, R is the only
unknown, and a single boundary condition is required to solve Eq. (34). However, the dry-out
length L is a-priori unknown and an additional condition (say at X = L) is needed.

The solution commences at the point where the liquid divides into three separate segments
(i.e. L/l = 1 in Fig. 1). Thus, the initial boundary condition for the radius of curvature at x =
0 based on the average vapor hydraulic diameter is:R(x = 0) = Cg;ﬁ?}f‘{;) or in dimensionless
form: R(x =0) = %. The second condition stems from the fact that the liquid pressure
reduces almost to zero at x = L, since R(x=L)~ PoD where Pg is the vapor pressure.

The position of the vapor initial cross section (x = 0) with respect to the liquid outside level
is obtained by the following expression:
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46 cos(0)

hix=0)=
pgDy

(36)
where h(x = 0) is the vapor inlet cross section with respect to the liquid level outside the

channel. Eq. (36) results from the equilibrium between the hydrostatic pressure and the
capillary pressure at x = 0:

40 cos(0)

Pgh = [Pamb - PL(X = O)] = D,

(37)

where P,y is the liquid pressure outside the channel.

6. Numerical procedure

Eq. (34) together with the initial boundary conditions (X =0) was numerically solved
applying fourth-order Runge-Kutta ODE method. An iterative procedure was carried out, in
order to meet the second boundary condition at x = L.

The solving procedure consist of the following consecutive steps:

1. Choose the dimensional parameters, and calculate the dimensionless parameters defined in
Egs. (35a) and (35b).
2. Assume the dry-out length (L) for the first iteration.

3. Solve Eq. (34) and find R, at X = L where R, is the calculated radius of curvature at dry-
out after a first iteration.
4. 1f

Rx=0)-R(Kx=1L)
Rx=1)

| > ERROR

and
(a) Ri(x= L) Ri_(x= L)>R(x L) then L=L+dL.
(b) R(¥ = L) > R(x = L) and R;_(X = L) < R(X = L) then: dL=dL/2, L=L+dL
(©) R(x=1L), Ri1(x=L) < R(x=L) then L = L—dL.
(d R(Xx=L)<R(x=0L) and R_;(Xx=L)> R(x=1L) then: dL =dL/2, L = L — dL.
go back to step 2 using the newly predicted dry-out length.

5. Calculate v, AL, Py,

A uniform grid was used with 100 grid points. The numerical solution was found to be
essentially independent of the number of grid points for a large number of points.

7. Result and discussion

The mathematical model can be used to predict the following:
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e The dependence of the dry-out length on the thermophysical properties of the working fluid,
the heat flux, channel hydraulic diameter, and contact angle.
e The radius of curvature, the pressure, and velocity distribution along the channel.

The numerical solution of Eq. (34) was carried out for dimensions and fluids normally used
to cool microelectronics devices e.g. water evaporating in an vertical micro- channel at various
hydraulic diameters (100 pm < Dyg < 1000 pm), heat fluxes (10 W/em? < Q < 600 W/cm?), and
contact angle (5° < 6 < 40°).

The following additional nondimensionalizations are employed:

=2

- P, o - AL R

P="to1- % 4= _ :

" P PR "7 A4lx=0) " R=0)
= - =2

_ v L—xXR (x=0)

V= .

Wx=0) L R

Fig. 5 shows the dependence of the radius of curvature on axial position given that the
working fluid is water, Q = 10 W/cm?, Dpg = 300 pm and 0 = 5.4°. The radius of curvature is
monotonically decreasing along the channel due to water evaporation, and hence the water
cross-section decreases sharply along the channel (see Fig. 6) causing the velocity to increase
(see Fig. 7) so that mass balance is maintained. Near the end of the evaporation region the
radius of curvature R and the cross section are small. For constant heat flux R (and the cross
section) must decrease sharply due to liquid evaporation, causing the velocity to increase
sharply.

1.0

Fig. 5. Dimensionless radius of curvature versus axial position for Dyg =300 pm, Q = 10 W/ecm® and different
angles.
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1.0

0.6

04

0 1 1 L ! 1 1 1 1 I
0 40 80 120 160 200

Fig. 6. Dimensionless liquid cross section versus axial position for Dyg = 300 pm, Q = 10 W/cm? and contact angle
0=5.4°.

1.0

0.8

06+

041

0 1 L I 1 1 | L 1 L
0 40 80 120 160 200

X

Fig. 7. Dimensionless liquid velocity versus axial position for Dyg = 300 pm, O = 10 W/cm? and contact angle
0=5.4°.
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Since the radius of curvature decreases along the channel, and the vapor pressure does not
change significantly, the liquid pressure decreases along the evaporation region (see Fig. 8). A
sharp drop takes place near the end of the evaporation region. It implies that the dry-out L is
almost insensitive to the pressure values at ¥ = L. For P(x = L) < 0.9 the dry-out length would
practically be unaltered.

Fig. 9 shows the dependence of different terms of Eq. (34), for water at Q =10 W/cm?,
Dyg = 300 um, and a contact angle of 5.4°. It is shown that in this case all terms in Eq. (34)
are of the same order except for the much smaller term representing the momentum flux. It
can be seen that different forces control the evaporation domain as x increases. For small x’s
capillary forces and body forces are significant while for ¥~0.5L, capillary forces, friction
forces at the wall, and the friction forces at the vapor interface, control the flow. For large x’s
(x=~ L) capillary forces and friction forces at the wall are significant while other forces become
negligible. Since the liquid velocity increases sharply along the channel, the wall-liquid friction
forces in Eq. (34), represented by the term m4((L — X)/R’), increases monotonously along the
channel. The vapor velocity at low x values is low, since only a small portion of the total heat
is added to evaporate the liquid. A constant heat flux along the channel causes a constant
liquid evaporation, and since the vapor cross section is nearly constant, the vapor velocity
increases sharply with x for small values of x. As x increases the radius of curvature reduces
slowly, hence, the contribution of liquid—vapor friction forces in Eq. (34) (n3XR) increases. At
high values of x, the vapor velocity increases slowly and the radius of curvature decreases
sharply, Elzlus the contribution of the liquid—vapor friction forces decreases. The body force
term (mpR") decreases monotonously, since the liquid volume decreases as x increases. The non
dimensional number 7; is much smaller than 1, and n; < m4, thus, Eq. (34) can be rewritten,

1.00
0.99
0.98

P. 097
0.96

0.95

0.94

0 40 80 120 160 200

Fig. 8. Dimensionless liquid pressure versus axial position for Dpg =300 um, Q = 10 W/cm® and contact angle
0=5.4°.
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for water evaporating in a micro-channel of hydraulic diameter of the order of 10™* m and
heat flux of the order of 10 W/cm?, as:
(LX)

dR
—= (38)
R

- = —n2R2 + 7'C3)_C]é — T4
dx

As the hydraulic diameter decreases n2R2 becomes insignificant and Eq. (38) reduces to:
_- dR (L -%)
TE3XR — —— = 7T4Tx (39)
dx R
It means that the friction forces on the wall (RHS term) are balanced mainly by the capillary
and vapor-liquid friction forces (LHS terms). s
Eq. (39) can be solved analytically by introducing a new variable ¥ = R, which results in:

u' — 3msxu+3m(L —X) =0 (40)
From the boundary conditions at x = 0 (i.e. R(x=0) = %) it follows that the solution of
Eq. (40) is:

. _ 3n3%° NE 3n3x?

R=u= I 3nyL iexp< X >erf< n35c> + Eexp( X )

3 673 2 2 3 2
053 1\’ (371-3)22)
41

+(cos(ﬁ n 0)) *P\ “h

0.2

o 21, (L-x)/R3
04k Tt,R2/(dR/dx)

R/(dR/dx)
-0.8 & -
-1 2 — 7t4(L-X)/R2/(dR/dX)
-1.6 ' 1 '
0 50 100 150 200

X

Fig. 9. The dependence of different terms in Eq. (34), for water at O = 10 W/cm?, Dyg = 300 pm, and contact angle
0=5.4°.
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The boundary condition R(X=L)~ Pobg = (n5)'? is introduced in order to evaluate the dry-
out length:

=2 =2

- — 3n3L [3m3 - 3n3L
s = R=-"_ 3maL iexp B el [ 2BL + Eexp 3
3 67‘53 2 2 3 2

053 \' (3mL’
(i) p(T) @)

Making the following transformation L* = L./373/2 changes Eq. (42) as follows:

0.53 \’
exp( — L*z) + L*\/}C’ erf(L*) = Z—z{(m) —TCjeXp( — L*z)j| —+ 1 (43)

Since

fG=0)
roon <1

it follows that (Cof('[ffr(,)f > 75 and Eq. (43) reduces to:

o o mf 053\
exp(—L )+L ﬁerj(L )— a(m) +1 (44)

Thus L* is a function of only one dimensionless parameter:

1.5

Tig

Fig. 10. The dry-out length L™ as a function of ng for a simplified case in which the friction forces on the wall are
balanced mainly by the capillary and vapor—liquid friction forces.
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n3< 0.53 )3_ (iRe)GMGDﬁGchpL( 0.53 >3

o= \cos(B+0)) ~ 4k poAg cos(f + 0)

(45)

Fig. 10 shows L* as a function of ms. It can be seen that L* is a monotonically increasing
function of ng. For g > 1/4, L* is almost a linear function of 7.

Once the dry-out length has been calculated it is easy to find the radius of curvature along
the evaporation region by applying Eq. (41). For n3=7.5x 1077, my =158 x 10~® and
0 = 5.4°, Fig. 11 shows that the curvature is reduced almost linearly. Fig. 12 shows the values
of (L — 32)132 and X x R as functions of x. It can be seen that (L — )'C)Ié2 > XR for the entire
evaporation region except for x= L. This means that Eq. (39) can be further simplified, for
74 > O(m3), as follows:

dR (L -x)
xR

(46)

which results in:

_3 (- X 0.53 1\’
R =3 L— = _ 47
n4x< 2) + <cos(ﬁ + 0)) “7)
Fig. 13 and Fig. 14 shows the dependence of the effective dry-out length of water on the
hydraulic diameter (for Q = 10 W/cm?), and the heat flux (for Dyg = 300 pm), respectively,
and at different contact angles. The dry-out length increases with the hydraulic diameter since
for large cross-section channels the liquid area and configuration for a given x > 0 is

equivalent to that of smaller channel. However, the vapor velocity is higher for the former
case. Consequently, an additional force that enhances dry-out length is observed.
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0 | | | | | 1
0 50 100 150 200 250 300 350
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Fig. 11. The radius of curvature along the evaporation region for m3 = 7.5 x 1077, 4 = 15.8 x 10~ and 0 = 5.4°.
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Fig. 12. The values of (L — X)/ﬁz and X x R as a function of %.
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Fig. 13. Effective dry-out length of water as a function of the hydraulic diameter, for a vertical channel at Q = 10
W/cm? and for different contact angles.
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Fig. 14. Effective dry-out length for water as a function of the heat flux, for a vertical channel at Dyg = 100 pm and
for different contact angles.

As the heat flux increases, a larger portion of the liquid evaporates at a given channel length.
Thus the dry-out length decreases as the heat flux increases, to the following formula L =
14.4507%4 (cm), assuming that the contact angle is 5.40° and Q is given in W/cm®. It is also
illustrated that L decreases as the contact angle increases, since higher radii of curvature result
from higher contact angles, thus causing a lower pressure difference between the liquid and the
vapor, and consequently a lower pumping power.

In chapter 3 it was argued that the vapor pressure drop along the channel is much smaller
than that of the liquid. A criterion allowing such an assumption is sought. The liquid pressure
drop was described by Eqgs. (12) and (15) namely:

!
(&) o
L _, \RJ_ 0 dR (48)

dx dx =~ R2dx

It follows from the boundary conditions that R changes from ]é(_)'c:O) = % =0(l) at x =

0 to R« 1 at X =L thus % = 0(%) and % = O(357), where L can be estimated by solving
Eq. (34) or by an order of magnitude analysis presented below. Inserting x = 0 into Eq. (34)

yields:

dR

_2 _
L ) L
E|:2TC1? — 1:| =mR + (7 + 7'54)? (49)
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For water at atmospheric pressure, heat fluxes and hydraulic diameters of the order of 10 W/
(:m2 and 100 pm, respectively, the dimensionless parameters mj, my, and my are of order
= 0(107%), m = 0(107%) and 7y = O(107>). It follows that O(m, x L) = O(1), O(ns x L=
0(1) Hence, L = 0(10>~10%). Taking L = O(100) it follows that ¥+ = O(100£2%) compared to
d”“ = 0(0. lK”“) for the vapor pressure drop.
Thus assuming negligible vapor pressure drop is reasonable. Demanding that d”C A 4t is much
smaller than unity establishes the desired criterion for almost uniform vapor pressure Using
Egs. (8) and (48) and the criteria is as follows:

=)
dpg/dx  2bQR*DigL™ | ((Re)glig i Ob <1
dpL/dx — cAgip Dig Ac/

(50)

8. Conclusion

A one-dimensional model of evaporating two phase flow in a triangular micro-channel,
during steady-state operation was developed, to determine, primarily, the dry-out length of a
self sustained flow. Conservation of mass, momentum, and energy of the liquid phase were
employed, to obtain a single ordinary differential equation that governs the radius of curvature
distribution along the micro-channel. It was shown to depend on four non-dimensional
parameters. The equation was solved numerically, for water flowing in a vertical micro-
channel, of hydraulic diameter ranging from 100 to 1000 pm, with heat fluxes ranging from 10
to 600 W/cm?, and contact angles of 5° to 40°. The dry-out length, liquid pressure, velocity,
and cross section distribution along the micro-channel were obtained. The solution shows that
the momentum equation can be simplified due to the fact that the contribution of gravity,
wall-liquid friction forces and vapor-liquid friction forces are of order O(1073). The simplified
equation is amenable to an analytical solution that results in a simple algebraic equation for
the dry-out length. It was shown that the dry-out length increases as the hydraulic diameter
increases, and decreases as the heat flux increases.

The conservation equations were also employed to the vapor domain, and it was shown that
the vapor pressure is practically constant along the evaporation region. The results show that
L decreases as the contact angle increases.

The analytical technique presented here can effectively be used in the design of micro-
channels to achieve better performance characteristics and higher heat transport from
microelectronic devices.
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